We investigate a model of closed (d − 1)-dimensional soft-self-avoiding random surfaces on a d-dimensional cubic lattice. The energy of a surface configuration is given by E = J(n 2 + 4k n 4 ), where n 2 is the number of edges, where two plaquettes meet at a right angle and n 4 is the number of edges, where 4 plaquettes meet. This model can be represented as a Z 2 -spin system with ferromagnetic nearest-neighbour-, antiferromagnetic next-nearest-neighbour-and plaquette-interaction. It corresponds to a special case of a general class of spin systems introduced by Wegner and Savvidy. Since there is no term proportional to the surface area, the bare surface tension of the model vanishes, in contrast to the ordinary Ising model. By a suitable adaption of Peierls argument, we prove the existence of infinitely many ordered low temperature phases for the case k = 0. A low temperature expansion of the free energy in 3 dimensions up to order x 38 (x = e −βJ ) shows, that for k > 0 only the ferromagnetic low temperature phases remain stable. An analysis of low temperature expansions up to order x 44 for the magnetization, susceptibility and specific heat in 3 dimensions yields critical exponents, which are in agreement with previous results.
Introduction
The so called gonihedric string was introduced by Savvidy et. al. [1] [2] [3] [4] [5] as a model for closed triangulated random surfaces. The action is given as S = simple edges
+ k common edges
ij ) + . . . + θ(α (r(2r−1)) ij
) .
The first term in (1) sums over all edges, where two triangles meet. The function θ(α ij ), which weights the edge lengths | X i − X j |, depends only on the angle α ij between the neighbouring triangles such that 1. θ(2π − α) = θ(α) 2. θ(π) = 0 3. θ(α) ≥ 0.
If more than two triangles meet at a given edge, contributions from all pairs of triangles arise in the second term of (1) . Therefore if k > 0, this term penalizes self-intersections of the surface. Since θ(π) = 0, the gonihedric action is subdivision invariant, i.e. geometrically nearby surface configurations have similar weights. The action measures essentially the linear size of the surfaces. Configurations with long spikes are therefore suppressed. These kind of configurations destroy the convergence of the partition function for triangulated random surfaces with area action [6] . However, for k = 0 and θ(α) = 1 2 |π − α|, the gonihedric action was shown to suffer from a similar disease [7] . In this case flat "pancake like" configurations dominate such that the grandcanonical partition function fails to converge. Nevertheless numerical simulations of the canonical ensemble [8] [9] [10] show flat surfaces.
Another way to define discretized random surface theories is to consider plaquette surfaces on a cubic lattice. In this approach, not just the surface, but also the embedding space is discretized. The gonihedric string can be formulated as a model for plaquette surfaces on a euclidean lattice as was shown by Wegner and Savvidy [11] [12] [13] [14] [15] [16] . If self-overlapping of the surface is excluded (i.e. each plaquette occurs either once or not at all in the surface), the model for closed (d − 1)-dimensional plaquette surfaces can be written as a Z 2 Ising model. The spins σ = ±1 sit on a d-dimensional hypercubic lattice and the surface consists of all plaquettes of the dual lattice, which separates spins of opposite sign. The energy of a surface configuration on the lattice is now given as
where n 2 is the number of (d − 2)-dimensional edges, where two plaquettes meet perpendicular and n 4 is the number of edges, where four plaquettes meet (see figure 1 ). Expressed in terms of spin variables, the Hamiltonian reads
E edge = J E edge = 0 E edge = 4kJ Fig. 1 . The total energy can be written as a sum over edge contributions. "Simple edges", where two plaquettes meet perpendicular cost energy J. "Flat edges", where two plaquettes of the same orientation meet, do not cost energy. If four plaquettes meet at a given edge ("double edge"), the corresponding energy contribution is 4kJ, since according to the gonihedric string action four right angles are counted.
It contains ferromagnetic nearest neighbour (< ij >), antiferromagnetic next nearest neighbour (<< ij >>) and plaquette terms ([ijkl] ), where the corresponding couplings are tuned in a special way. Similar surface models, where the energy contains an additional term proportional to the surface area, have been considered earlier [19] [20] [21] [22] [23] , in particular in connection with amphiphilic systems. However, the special choice of couplings as given in (3), has not been studied explicitly in this context. It corresponds to the disorder line as calculated in mean field approximation [22] . In two dimensions, the model can be mapped to the eight-vertex model [24] . The corresponding weights are however different from the exact solvable case. Numerical simulations indicate, that the system defined in (3) does not undergo a phase transition for d = 2 but is in a disordered phase for all T > 0 [25, 17] . In three dimensions the gonihedric Ising model (3) has been studied by means of mean field [26] , Monte Carlo [17, [26] [27] [28] and cluster variation-Padé methods [29, 30] . At k = 0 the model seems to undergo a first order phase transition [27] , whereas for large k the transition becomes second order [26, 28, 29] . Since flat edges, i.e. edges where two plaquettes of the same orientation meet, do not cost energy, the ground state is highly degenerate. For k > 0 it consists of all configurations, where only flat domain walls are present, as long as they do not intersect. The ground state degeneracy of a finite system of size
L . If k = 0, the number of ground states is even higher, since ground state planes are now allowed to intersect without an additional energy cost. Thus the degeneracy increases like 2 dL in this case. Moreover, the flipping of a whole (d − 1)-dimensional spin layer does not change the energy of any spin configuration if k = 0 as can easily be seen from (3), i.e. apart from the global spin-flip symmetry the system possesses an additional layer-flip symmetry.
The outline of the paper is as follows: In section 2 we show by a suitable extension of Peierls contour method, that the layer-flip symmetry for k = 0 is spontaneously broken at low temperature. For each ground state we find an ordered low temperature phase. In section 3 we perform a low temperature expansion around all possible ground states of the gonihedric model. The result indicates, that for k > 0 only the ferromagnetically ordered low temperature phases remain stable, i.e. layered phases are thermodynamically suppressed at low but non zero temperature. We use Padé approximations to calculate critical exponents of the magnetization, susceptibility and specific heat from the corresponding low temperature expansions in section 4. Finally we discuss the surface tension. There is some evidence, that a roughening transition occurs below the bulk critical temperature T c .
2 Ordered low temperature phases for k = 0
If k vanishes, then only edges, where two plaquettes meet at a right angle cost energy. These edges are surrounded by an odd number of negative spins. The flipping of a whole (d−1)-dimensional spin layer therefore does not change the energy, i.e. apart from the global Z 2 symmetry, the Hamiltonian (3) shows an additional layer-flip symmetry at k = 0. The ground states are the ferromagnetically ordered states and all configuration, which are connected with them by layer-flip operations. In the following we will show, that for each of these ground states there exists an ordered low temperature phase. These phases can be characterized by a non vanishing "spontaneous magnetization", which for a finite system with N spins is defined bŷ
Here "ˆ" refers to a boundary condition, which singles out one ground state. N − denotes the number of spins, which are flipped compared to this ground state and accordinglyN + the number of spins, which are unchanged. To show, thatM N does not vanish at sufficiently low temperatures, we will use a modified Peierls argument [31, 32] . The idea is the following: Consider a finite system, where the spins at the boundary are fixed, such that one ground state is favoured (see figure 2 ). If we now swap a little "droplet" of spins inside the volume, the amount of energy we need will be essentially proportional to the number l of simple edges, which were established by swapping the spins. The simple edges form connected edge diagrams. Each overturned spin is surrounded with at least one such diagram. We can therefore estimate where
is the maximum number of spins an edge diagram with l simple edges encloses and p(l) denotes the probability of occurrence of such a diagram. p(l) can be further estimated by
where g(l) is the entropy factor, i.e. the number of connected edge diagrams with l edges. We will show, that g(l) does not grow faster than exponentially. Thus (5) will be arbitrarily small for sufficiently large β. The same type of argument was used in [33] to show the existence of a phase transition in the gonihedric model for k > 0. The argument given there however contains a flaw, since the edge diagrams are not independent from each other, if k > 0 3 . We will now proceed with the details for the case k = 0.
Consider a finite system with N spins in its interior and fix the spins at the boundary, so that they belong to a ground state, as indicated in figure 2 . 
3 For details see [34] where C l i denotes a connected component with l i edges. The total energy E[σ] can be written as
Let g(l) be the number of connected edge diagrams with l edges. For each diagram we introduce a variable χ
Since each spin, which is flipped compared to the ground state, is surrounded with at least one connected edge diagram, we can estimatê
Thus for the expectation value of the number of the overturned spins we obtain:
If we number the spin configurations, which contain C l i by σ 1 , . . . , σ k , the expectation value χ l i N can be written as:
where
For each σ j there exists a unique configuration σ * j , which does not contain C l i but leaves all other edge diagram unchanged, i.e.
The configurations σ * 1 , . . . , σ * k are pairwise different. By restricting the partition function to these configurations, we can estimate:
Together with (12) this yields
Hence the expectation value of the number of overturned spins is bounded by
To proceed with the argument, we need an upper bound for g(l), the number of connected edge diagrams with l edges. The edges in those diagrams are connected via The maximum number of outcomes of the procedure given above is an upper bound for g(l). For construction step 2 there are N possibilities. Each time we perform constructions step 3, at least one edge is added. The number of choices to complete the vertex depends on the edge configuration already present. In figure 4 , we list all possibilities which can arise together with the number of choices n(k) to attach k edges. Let n max (k) be the maximum number of choices to attach k edges. The function
can now be interpreted as a generating function, which counts all connected edge diagrams with l edges at least once, which can be constructed by repeating constructions step 3 r-times, i.e. the coefficient of x l in the series expansion of f r (x) is an upper bound for the number of those diagrams. Therefore an upper bound for g(l) is provided by
The values n max (k) can be read off from figure 4. We find:
=:
G(x) can be written as:
Putting this expression in (20), we obtain
The increase of g(l) is dominated by the smallest |x k | =: x min . Hence we can further estimate:
Substituting this result in (17), we find an upper bound for the density of overturned spins:
This inequality remains valid in the thermodynamical limit. The sum on the right hand side approaches zero, if β tends to infinity. Therefore, for β > β c it will be smaller than 1 2 , which implies a non-zero spontaneous magnetization. This completes the proof. Note that the estimate above is only valid for d ≥ 3. Indeed in two dimensions, the model for k = 0 is equivalent to the 1-dimensional ordinary Ising model [12] . Thus no transition occurs in this case.
The upper bound for N − N given above can be used to calculate an upper bound for β c . We find
The upper bound for β c J in 3 dimensions is consistent with values obtained from simulations [26, 27] (β c J ≈ 0.505), cluster variation-Padé approximations [29] (β c J ≈ 0.550) and mean field calculations [26] (β c J ≈ 0.325).
If k > 0 a similar proof can not carried through, since in this case the connected edge diagrams are not independent from each other, i.e. given a configuration σ which contains a certain edge diagram C l i , the corresponding configuration σ * does not necessarily fulfil the condition
where E[C l i ] denotes the energy contribution of the connected edge diagram. In going over from σ to σ * , the energy can even increase by an amount ∼ l 2 .
3 Low temperature expansion of the free energy
If k > 0 then the Hamiltonian (3) is no longer invariant under layer-flip operations. Only the global Z 2 spin-flip symmetry remains. However flat domain walls still do not cost energy. Thus apart from the ferromagnetically ordered ground states, there are layered ground states containing flat domain walls which do not intersect. As was already mentioned in [29] , the ground state contributions Z (g) of the total partition function
are not degenerate in contrast to the k = 0 case. Here Z (g) contains the ground state g and all configurations, which differ from g by a "small" number of spins. The lowest excitation is realized by a configuration, where one spin is flipped compared to the ground state. Since this configuration contains 12 simple edges (elementary cube), its energy is 12J, independent of the underlying ground state. The next higher excitation is obtained by swapping an additional nearest neighbour spin. The energy of this configuration however depends on the ground state: If there is no flat domain wall present between those two spins, the energy is 16J. Otherwise four additional double edges contribute, i.e. the energy amounts to 16J + 16Jk. Thus to lowest order, layered low temperature phases seem to be energetically disfavoured [29] . In this section we will quantify this effect. For this we perform a low temperature expansion of the free energy for the three dimensional case to estimate the magnitude of each ground state contribution Z (g) . This analysis indicates, that at low but non-zero temperature the occurrence of layered low temperature phases is indeed thermodynamically suppressed.
Consider a finite system of volume V = L 3 . By N we denote the set of the N = L 3 spins inside V . Each excitation of a given ground state g is defined by the subset I ⊆ N of spins, which are swapped compared to g. The excitation energy E (g) (I) depends on g. We define the ground state contributions Z 
Ground states g which can be mapped onto each other by a rotation or a global spin flip yield the same Z (g) N . We therefore write:
where g refers to ground states modulo rotations and global spin-flip and g = 0 denotes the ferromagnetically ordered ground state. The logarithm of Z (g) N can be written as:
where the cluster contributions c (g) (I) are defined by
As can easily be shown, these cluster contributions vanish, if the cluster I is not "connected". Here we call two spins connected, if their elementary cubes have at least one edge in common. In general two spin clusters I 1 , I 2 , which can be mapped onto each other by a translation will contribute differently, unless the translation is parallel to the ground state planes. To take care of this restricted translation invariance we introduce structural coefficients, which characterize the ground states such that the right hand side of (31) can be expanded systematically: For each ground state g there exists a unique
. . , p L−1 ), p i = 0, 1, which characterizes the sequence of ground state planes say in positive direction. p i = 1 means, that a ground state plane is present (see figure 5 ). For q = (q 1 , . . . , q n ), q i = 0, 1, n <= L − 1 and
we define: Thus a q (g) is the number of translations, such that the sequence q matches with a subsequence of p(g). If q does not have any elements, we set a(g) = L. The structural coefficients are not independent from each other, e.g. the following equations hold:
Using the structural coefficients, we can now write:
.(36)
In this expression f denotes the sum of all cluster contributions of widths 1, i.e. all contributions from clusters, whose linear extension perpendicular to the ground state planes is 1. f 0 denotes the sum of all cluster contributions of widths 2, which are not cut by a ground state plane, f 1 denotes the sum of all cluster contributions of widths 2, which are cut by a ground state plane and so on. A systematic low temperature expansion of the cluster functions f q can now be generated by analysing the corresponding cluster contributions. We obtain
The Boltzmann factors z (g) (I) are of the form:
where x = e −βJ , n 2 = Number of simple edges y = e −β4kJ , n 4 = Number of double edges.
From here one can see, that a cluster I contributes to an order in x, which is higher or equal to 4(b 1 (I) + b 2 (I) + b 3 (I)), if b i (I) denote the side lengths of the smallest box, which contains I. Thus to generate an expansion in x up to order n, only clusters I with 4(b 1 (I) + b 2 (I) + b 3 (I)) ≤ n have to be considered.
With the method described above, we calculated the cluster functions f q up to order x 38 . The numbers of clusters which contribute to a specific order are listed in table 1. To see, whether or not layered low temperature phases arise, we write according to (30) :
Using (36) we arrive at:
Since the functions (f 1 −f 0 ),(f 01 −f 00 ),. . . turn out to be negative in the range 0 < x < 1 and vanish only at x = 0 and x = 1 for all positive k, the right hand side of (41) Table 1 Numbers of connected spin clusters with a given number of simple edges.
phases are suppressed at low but non-zero temperature. In figure 6 the function (f 1 − f 0 )/x 16 is plotted for k = 1. Higher order functions (f 01 − f 00 )/x 20 ,. . . show the same qualitative behaviour. The total free energy F can therefore be calculated as a low temperature expansion, where only excitations of the ferromagnetic ground states are considered, i.e.
To order x 38 this yields:
−βF = ln (2) where x = e −βJ and y = e −β4kJ . With the formalism described above, it is also possible to derive a low temperature expansion of the surface tension σ, which is defined as:
In this expression Z
N denotes the contribution of the total partition function from a ground state which contains exactly one plane domain wall. Clearly σ vanishes for T = 0. However for finite T a finite surface tension is generated by thermal fluctuation. We find the following series expansion: 
Critical exponents
If the self-avoiding coupling k is sufficiently large (k > 0.3), the authors of [26, 27] find a second order phase transition, whereas at k = 0 the transition is of first order. These results were obtained by simulations. Using the result above, i.e. that only the ferromagnetically ordered phases contribute to the free energy, we were able to derive low temperature expansions for the magnetization, susceptibility and specific heat up to order x 44 for fixed values of
, n = 0, . . . , 12). A Padé analysis yields critical exponents, which are in agreement with previous results.
In the following we describe the method used to derive the series expansions [35, 36] . The free energy can be derived from the ferromagnetic part Z (0) of the partition function. According to (31) we write:
To each cluster I of overturned spins corresponds a minimal box q with side lengths q 1 , q 2 , q 3 , which contains I. We define C(q) := Sum of all cluster contributions c (0) (I) modulo translations, such that q is the minimal box of I.
(47)
If Z(Q) denotes the partition function for the finite box Q, evaluated for a ferromagnetic ground state, the following equation holds due to translation invariance:
Therefore the free energy can be written as:
Inverting equation (48) and putting the resulting expression for C(q) in (49), we finally arrive at:
+O(x 4l+2 ), where 5 n = 0, if n < 0 or n > 5. Thus in order to generate a low temperature expansion for F , we just need to calculate partition functions for small volumes, which can be done very efficiently by recursive methods 4 [37] . Expanding
where n(I) denotes the number of spins in I, series expansions for the magnetization M(x), susceptibility S(x) and specific heat C(x) can be derived from the polynomials Λ
2 (x) in the following way:
The resulting expansions for fixed values of k = n 4
, n = 0, . . . , 12 can be found in appendix A. To calculate critical exponents, we analysed [n/(n−2)], [n/(n− 1)], [n/n], [n/(n + 1)] and [n/(n + 2)] unbiased Dlog Padé approximants of the corresponding series expansions [38] . The results are shown in table 2, 3 and 4. The errors roughly estimate the fluctuations within the Padé tables. Defective approximants have been excluded from the analysis. In [26] the critical x was determined as x c ≈ 0.64. A cluster variation-Padé calculation also confirms this result [29] . The authors determine the critical exponent of the magnetization as β = 0.062 ± 0.003 at a critical temperature x c ≈ 0.65. The exponent γ was also calculated in [26] as γ ≈ 1.6. An estimate of γ ≈ 1.4 was given in [30] . Our values are of the same order of magnitude. However, the fluctuations within the Padé tables are relatively large. Unfortunately different extrapolation techniques like inhomogeneous Padé approximants or differential approximants did not yield better results. The exponent α of the specific heat was determined in [28] as α ≈ 0.7. Our values agree roughly with this result. Since the errors are quite large also in this case, it is unclear whether the exponents are k-dependent or not. Furthermore we analysed the series expansion of the surface tension σ(x, y) as given in (45). The surface tension should scale at the critical point and vanish for higher temperatures. Surprisingly, the Padé analysis of the series expansion gives negative values Table 2 Critical temperature x c = e −βcJ and magnetization exponent β. Table 3 Critical temperature x c = e −βcJ and susceptibility exponent γ.
for the corresponding exponent µ. Moreover, σ(x, y) can be written as: Table 4 Critical temperature x c = e −βcJ and specific heat exponent α.
where all coefficients in the expansion of P (x, y) are positive. This indicates a diverging surface tension, which is of course not the expected behaviour. However a similar situation arises in the ordinary 3-dimensional Ising model. The low temperature expansion of the surface tension [39] reads in this case:
Here the expansion coefficients all have the same sign and a Padé analysis also yields negative critical exponents. Nevertheless, simulations indicate, that the surface tension scales at the critical point [40] . The corresponding exponent is positive and consistent with Widom-scaling. The reason for this strange behaviour lies in the existence of a roughening transition at a temperature T R below T c [40] . Renormalization group calculations indicate, that this transition is of Kosterlitz-Thouless type [41] with an essential singularity at T R . We take this as a strong hint, that a similar transition occurs in the surface tension of the gonihedric Ising model. This point needs however further clarification.
Summary
The gonihedric Ising model was introduced as a lattice discretization of the so called gonihedric string. The gonihedric string itself is a model for triangulated random surfaces. Whether or not both theories are equivalent in the sense that they are different discretizations of the same continuum random surface theory is not obvious. A necessary condition for the existence of a continuum limit is the occurrence of a second order phase transition. The existence of ordered low temperature phases often signals such a phase transition, if at high temperatures a disordered phase is expected.
In this paper we studied some low temperature properties of the gonihedric Ising model. If k = 0, the model shows apart from the global Z 2 symmetry an additional layer-flip symmetry. With a suitable extension of Peierls contour method we proved, that the layer-flip symmetry is spontaneously broken at low temperatures for d ≥ 3. We found infinitely many ordered low temperature phases, one for each ground state. However, simulations indicate, that the corresponding phase transition is of first order [27] . Thus in this case a continuum limit does not exist. For k > 0.3 the authors of [17, 26, 28, 29] find a second order phase transition. It was suggested in [29] , that in contrast to the case k = 0 only the ferromagnetic phases remain stable, while layered phases are thermodynamically suppressed. The low temperature expansion of the free energy in section 2 supports this picture. For k > 0, a finite surface tension is generated if T > 0, i.e. the occurrence of layers is energetically suppressed by a factor e −βL 2 . On the other hand the ground state entropy grows only like 2 L with the linear size L of the system and can therefore not compensate the energy factor. Using this result, we calculated low temperature expansions of the magnetization, susceptibility and specific heat, where only excitations of the ferromagnetic ground states were considered. The critical exponents, derived from Padé approximants are in agreement with previous results. Unfortunately the fluctuations within the Padé tables are quite large (in particular for γ and α). It is therefore not possible to determine, whether or not the model shows non-universal behaviour. Finally we analysed the surface tension. A Padé-approximation resulted in a negative critical exponent. This probably indicates the existence of a roughening transition as in the ordinary 3-dimensional Ising model.
A Series expansions
This appendix contains the coefficients of the series expansions, used in section 4 to calculate critical exponents. The corresponding Padé tables can be found in [34] . 
A.1 Magnetization

